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*

Ø I had a sensor with with single photon sensitivity?

* Credits: https://what-if.xkcd.com
Randall Munroe

Ø I had a sensor retaining at the same time the capability of measuring the
intensity, possibly counting the photons in the light pulse illuminating the
sensor (at the same time)?

Can I have a little more?*

1

2

4

3

*Credits: All together now, The Beatles, May 1967

Ø I had a sensor with Position Sensitivity in 4D [namely telling me where &
when the photon(s) hit the detector]?

The Position Sensitive Detector
Conference
Milton Keynes, UK
September 2017

I would probably be able to confirm
what valuable people think (or
presume to know):

QuantumLeaps - March 2017

And make them happy*

March 11th, 2017 Issue

* It looks like an M&M, isn’t it?

Well, maybe not all of them:

But I could anyway do a lot…

Engineering single photon (deterministic!) sources and photon number resolving sensors is
actually the name of the game in “quantum” technologies [cryptography, computing,
networks]

The characterization of the statistics of photons
emitted by a classical and quantum source is
essential. This is requiring sensors with PHOTON
NUMBER RESOLVING CAPABILITY.
See also: M. Ramilli, M.C. et al, J. Opt. Soc. Am. B, Vol.
27, No. 5, May 2010

Awarded to: Eric Betzig, Stefan W. Hell, William E. Moerner

Heralded by Nature:

S1

States and transitions of a fluorophore
Key issues:

Singlet

•

The lifetime of the emission from the Triplet state is
O(106) wrt Singlet

•

The transition probability to the Triplet state is
O(0.1%)

⇒ with a continuous excitation of intensity 1kW/cm2
the fraction of molecules in S0 << 10%
S0

and for every cycle you will see a subset of
molecules blinking

Sub-diffraction limit imaging by stochastic optical recostruction microscopy (STORM)
Rust et al., Nature Methods vol.3 NO.10 | OCTOBER 2006 | 793
•
Fluorescence Nanoscopy by ground state depletion and single molecule return (GDSIM)
Folling et al., Nature Methods vol.5 NO.11 | OCTOBER 2008 | 943
•

Heralded by Nature:

Diffraction limited

GDSIM
Ø
Ø
Ø
Ø

Camera frame: 200 Hz
No. frames: 31 000
Laser intensity: 2.5 kW/cm2
Laser wavelength: 532 nm

1 µm
Immunostained (Atto532) integrin-β-3 clusters of
human glioma cells in a cell medium
•
Fluorescence Nanoscopy by ground state depletion and single molecule return (GDSIM)
Folling et al., Nature Methods vol.5 NO.11 | OCTOBER 2008 | 943

Heralded by Nature:

20 nm
Separation between “switches” attached to a DNA molecule
separated by a well known number of base pairs
Sub-diffraction limit imaging by stochastic optical recostruction microscopy (STORM)
Rust et al., Nature Methods vol.3 NO.10 | OCTOBER 2006 | 793
•

bioluminescence

Detector Calibration

Single molecule
detection

Hyper-spectral
imaging

imaging
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Summary Table from http://www.photoncount.org

The pre-Silicon age:
the photomultiplier, a solid rock
technology since 1934

The Colossus (1944), containing on 1700 thermoionic valves

A pioneering development by Prof. S. Cova at
Politecnico di Milano

•

Very shallow p-n junction

•

High electric field

•

Mean free path
≈ 0.01 µm

è ~ 1 µm

è > 3 x 105 V/cm

… and when you get to an array, a matrix of
SPAD, you get to the main subject of this talk

Ceci n’est pas un PMT…..

Cova, S., Ghioni, M., Lacaita, A. L., Samori, C., and Zappa, F. “Avalanche
photodiodes and quenching circuits for single-photon detection”, Applied
Optics, 35(12), 1956—1976 (1996)

E. Charbon & S. Donati, OPN Optics & Photonics News, February 2010

Photon absorption and avalanche ignition
in a Single Photon Avalanche Photodiode
(SPAD)

v Spread of the avalanche essentially diffusion assisted (with minor
contributions from photons)
v Speed 10-20 µm/ns (this cell has a diameter of 50 µm)

A. Gulinatti , I. Rech , M. Assanelli , M. Ghioni & S. Cova (2011)
A physically based model for evaluating the photon detection efficiency and
the temporal response of SPAD detectors, Journal of Modern Optics, 58:3-4,
210-224, DOI: 10.1080/09500340.2010.536590
2. A. Gulinatti, I. rech et al., Modeling photon detection efficiency and temporal
response of single photon avalanche diodes , Proc. of SPIE Vol. 7355 73550X-1
3. Spinelli, A. and Lacaita, A. L. “Physics and numerical simulation of single photon
avalanche diodes”, IEEE Transactions on Electron Devices, 44(11), 1931—1943
(1997).

Courtesy Ivan Rech, Politecnico di Milano

1.

A multiplication game in Silico

Silicon PhotoMultipliers(a.k.a. as MPPC, for MultiPixel
Photon Counters): in essence, an array of SPADs

Principle

(~104/mm2

SiPM = High density
) matrix of
diodes with a common output, reverse
biased, working in Geiger-Müller regime

When a photon hits a cell, the generated
charge carrier triggers an avalanche
multiplication in the junction by impact
ionization, with gain at the 106 level

Silicon Photomultipliers: genuine digital Photon
Number Resolving detectors

Operation

Ø SiPM may be seen as a collection of
binary cells, fired when a photon in
absorbed
[in principle, a NATIVE DIGITAL DEVICE]

Ø “counting” cells provides an
information about the intensity
of the incoming light:

Silicon Photomultipliers: genuine digital Photon
Number Resolving detectors

Operation

Ø SiPM may be seen as a collection
of binary cells, fired when a
photon in absorbed

Ø “counting” cells provides an
information about the intensity
of the incoming light:

There’s a lot of

behind the SiPM concept
and technology
With reference to the paper:
A. Gasanov, V. Golovin, Z. Sadigov, N. Yusipov, Avalanche
photodetector on base metal-resistor-semiconductor structure,
Microelectronics, 1989

With a series of early patents also
assigned to Russian inventors

Is the world interested in these little toys?
No. of papers in Google
Scholar with the exact match
of “silicon photomultipliers”
in the title/abstract/body

Year

# papers

Excluding
patents

2000-2001

9

2

2002-2003

13

4

2004-2005

79

64

2006-2007

210

184

2008-2009

357

320

2010-2011

724

649

2012-2103

1270

1150

2014-2015

1460

1270

2016-2017
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What is being offered on the “Menù à la carte?”

Ø In terms of pixel pitch:
10 !"

15 !"

25 !"

50 !"

75 & 100 !" #$% #&#'(#)(% #* +%((
Not to mention the variety of available options for
the front-end, the packaging and the near future
integration with the read-out electronics

Ø In terms of sensor area:
•
•
•
•

1x1 mm2
3x3 mm2
6x6 mm2

•
•
•

1x4 mm2
12x12 mm2
24x24 mm2

Talking about packaging, it is worth focusing on the “little white dot” in the middle of
the array:
Through-Silicon Vias
•
•

Makoto Motoyoshi, Proceedings of the IEEE,
DOI: 10.1109/JPROC.2008.2007462, 2009
Gambino et al., Microelectronic Engineering 135 (2015)
73–106

S13360 series

Hole-Wire bonding (patent pending)
S1416X series (X = 0,1)
LOWER COST, comparable specs

SiPM: electrical model(s)
1.
2.
3.
4.
5.
6.
7.

Roland Heitz, Journal of Applied Physics 35, 1370 (1964)
C. Piemonte, NIM A 568 (2006) 224–232
S. Seifert et al., IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL. 57, NO. 4, 2010
P. Hallen, bachelor thesis, Aachen University, 2011
F.Licciulli, C.Marzocca, IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL. 63, NO. 5, 2016
D. Marano eta al., Improved SPICE electrical model of SiPM, NIM A726, 1-7, 2013
F. Villa et al., Spice electrical models and simualtions of Silicon Photomultipliers, IEEE-TNS October 2015

v exponential pulse with

τ = RqC D
v Gain:

Vbias − VBreakdown ) C D
(
G=
e

Typical values:
v Rq ~ 200 kΩ
v CD ~ 100 fF (30x30 µm2 )
v τ ~ 20 ns
v Vbreakdown ~ 50-70V
v G ~ 106

SiPM electrical model: a closer look
v
v
v
v
v
v

For a single cell (ref. 2, 2006)

CD = cell capacitance
RQ = quenching resistor
Cq = stray capacitance of the quenching resistor
RS = space charge resistance + neutral regions (≈ 1 kΩ
Rb = substrate ohmic resistance
Cg = stray capacitance of the cell grid to the substrate

For the full array (ref. 5, 2016), one cell “triggering”
(fast response made easy as a “Dirac delta” of current)

SiPM electrical model: time development of the signal
& parameters

Ref.5

Fast Pulse

Recharge Pulse

v Fast Pulse:
τFP = RS x (CD+CQ) ≈
v Recharge Pulse:
τRP = RQ x (CD+CQ) ≈

Courtesy of HAMAMATSU Photonics

. Martinenghi et al., IEEE Photonics
ournal, 7, 4, 2015, DOI:
0.1109/JPHOT.2015.2456070

This is leading to an astonishing result: a Single Photon Timing resolution
at the 60 ps level

More about timing: impact of the shape of the signal and the number of photons
(presuming they all come at once! It does not apply to timing with scintillation
light) on time resolution
v The rise time of the signal obviously has an
impact! Presuming a local linear dependence
of the output voltage with time, you have:

±σV

±σt

±σt

* R. Vinke et al, Optimizing the timing resolution of SiPM sensors for use in TOF-PET detectors,
Nuclear Instruments and Methods in Physics Research A 610 (2009) 188–191

v Presuming the rise time is defined by the sensor characteristics & front-end
electronics and it is independent from the signal amplitude, it is clear that the
LARGER the signal, the higher the slope:
Peak at 3 p.e.
Peak at 2 p.e.

The slope for N photo.electrons is

Peak at 1 p.e.

Rise time

v Assuming to have N photo-electrons, the intrinsic fluctuation of the arrival time
can be referred to the “mean photon”. And the spread of the mean of a series
of N random variables is smaller than the spread of a single one by √N, namely:

[a bit like saying that I time stamp every photon and I take the average..]

Summing (in quadrature) the different contributions, I have:

Family S10362-11

Resolution vs. number of p.e.
(AfterVinke et al.)

Intrinsic resolution for N=1
(After Vinke et al.)

Timing is actually a very serious topics and many bright minds devoted their time to it
A number of stochastics effects enter the game:
v The number of photons/event (particle
interaction or light source pulse)
v The time distribution of the photons
v The optical photon dispersion in the crystal
v The spatial distribution of the photons on the
sensor surface
v The time response of the sensor
v The shape of the signal
v The layout of the sensor
v The Time Stamping machine
v The “system noise”
v The algorithm (possibly not stochastics)
[credits for the drawing: Dennis Schaart, TU Delft]

It looks like the ideal situation for a Monte Carlo simulation but actually someone was so
brave to tackle the problem analytically:
1.

F. Acerbi et al. Characterization of Single-Photon Time Resolution: From Single SPAD to Silicon Photomultiplier,
IEEE TNS – for technology/layout issues

2.

R.F. Post & L.I. Schiff, Statistical limitations on the resolving time of a Scintillator counter, Physical Review, vol.
80, Issue 6, pp. 1113-1113 – a seminal paper (with unresolved doubts on my side)

3.

S. Seifert, HT. Van Dam, D. Schaart, The lower bound on the timing resolution of scintillation detectors, Phys.
Med. Biol. 57 (2012) 1797–1814 – an excellent paper! Formally correct, clear and useful

4.

Leo H. C. Braga et al., A Time of Arrival Estimator Based on Multiple Timestamps for Digital PET Detectors, IEEE
Nuclear Science Symposiun and Medical Imaging Conference Record (NSS/MIC), 2012 – nice, even if the
initial hp. could be discussed

5.

S. Mandai et al., Timing optimization utilizing order statistics and multichannel digital silicon photomultipliers,
OPTICS LETTERS / Vol. 39, No. 3 / February 1, 2014 - it shows the benefit of using multi-tagged photons

6.

P. Lecoq et al., Factors Influencing Time Resolution of Scintillators and Ways to Improve Them Nuclear
Science Symposium Conference Record (NSS/MIC), 2009 IEEE, DOI: 10.1109/NSSMIC.2009.5402178 – it nicely
addresses also the question of the light transport in crystals

7.

Stephen Derenzo et al., Fundamental limits of scintillation detector timing precision, Phys. Med. Biol. 59 (2014)
3261–3286 – A Monte Carlo simulation ending up with a heuristic (horrible) formula

8.

S. Vinogradov, Analytical model of SiPM time resolution and order statistics with crosstalk, Nucl. Instr. Methods
A (2015), pp. 229-233 [http://dx.doi.org/10.1016/j.nima.2014.12.010]. A very good paper!

Three nice plots from ref. 6:

v R is the total light output
v Q is the threshold I set in photoelectrons ⇒ the LOWEST, the BEST

Photon Detection Efficiency:

HAMAMATSU sensors

PDE = n p.e./nphotons

75 µm (FF=82%)

50 µm (FF=74%)

25 µm (FF=47%)

v QE = Quantum Efficiency
(material properties)
v Fill Factor (FF) = fraction of
sensitive area within the
cell (technology)
v PGM = triggering probability
(physics, design and
technology)

The variation of the ionization coefficients vs. over-voltage is the reason for
the trend of the Photon Detection Efficiency (PDE)

Spectral response:

HAMAMATSU sensors
75 µm pitch
50 µm

25 µm

The variation vs wavelength results by the
absorption properties of Silicon and the
junction technology

SiPM technology: what’s behind the spectral response
1.
2.
3.
4.

Claudio Piemonte, Nuclear Instruments and Methods in Physics Research A 568 (2006) 224–232
Nagano et al., Development of new MPPC with higher NIR sensitivity and wider dynamic range, Internal note 2017
Oldham et al, IEEE ‘TRANSACTIONS ON ELECTRON DEVICES, VOL.ED-19, NO. 9,SEPTEMBER 1972
McKay, Physical Review 94 (4) 877-884 (1954)

Light intensity in a medium drops exponentially:
1/e reduction (0.37) in:

1 µm
20 µm
(ref.2)
0.167 µm

Absorption coefficient (µ) in [µm-1] vs λ [nm]

Light attenuation vs depth [µm]

I have to tailor my junction to maximize the probability to trigger an
avalanche:
n-on-p junction:
v Not ideal for blue
v Good enough for green
v Bad for red

p-on- junction:
v Optimized for blue
v Fair enough for green
v Worse for red

Stochastics effects affecting the sensor response
[actually introducing non-linarities]:

v Saturation [

]:

K.E. Kuper et al. 2017 JINST 12 P01001

How do I get to this magic formula? In essence, it is a problem related to the finite
number of cells & Geiger-Mueller process: as long as the probability of having more
than one photo-electron (i.e. photon induced avalanche) in a single cell is not
negligible, I can expect a deviation from the linearity in the response.
[look at the supplementary slides for a simple statistical exercise based on balls & baskets]

More Stochastic effects affecting the sensor
response [actually introducing non-linarities]:
v Dark Count Rate[

] (rate of avalanches randomly initiated by thermal generation of

carriers): currently at the 60 kHz/mm2 level

v Optical Cross Talk [ ] (secondary avalanches triggered by photons emitted during the
primary event): currently < 10% at operating voltages
v After-pulsing [ ] (Delayed avalanches triggered by the release of a charge carriers that has
been produced in the original avalanche and trapped on an impurity): ≈ 1% at operating
voltages

OCT

6x6
mm2

75 #$
FBK single SPAD

50 #$

3x3
mm2
1.3x1.3
mm2

AP
DCR

25 #$

C. Piemonte, IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL.

Since a picture is worth a thousand words:
An old sensor by HAMAMATSU (2008)

A new sensor by HAMAMATSU (2016)

S10362-11-100C

S13360-1350CS
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χ2/d.o.f = 1.9
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1500 2000 2500
Channel [ADC]

3000

3500

4000

One more point: make it stable (against temperature stability)!
•
•

C.R. Crowell, S.M.Sze, “TEMPERATURE DEPENDENCE OF IN SEMICONDUCTORS”, APPLIED PHYSICS LETTERS 9, pag. 242, 1966
C. Y. Chang, S. S. Chiu, and L. P. Hsu, “Temperature dependence of breakdown voltage in silicon abrupt P-N junctions,” IEEE Trans.
Elec- tron Devices, vol. 18, no. 6, pp. 391–393, 1971

22 mV/oK < β < 55 mV/oK

M. Ramilli, Characterization of SiPM: temperature dependencies,
Nuclear Science Symposium Conference Record, 2008. NSS '08. IEEE

What’s Next?

Trends in the R&D (user’s driven, steered by the companies):

Ø Make it (more) quiet (decrease the stochastic terms)

Trends in the R&D (user’s driven, steered by the companies):

Ø Increase the cell densities (extend the dynamic range)

during the fabrication process,
after the trench
opening.
Latest from Fondazione
Bruno
Kessler
in TrentoFig.(Italy)
5. Nominal fill factor comparison between different FBK SiPM technoloFig. 2.

SEM image, from the top, of UHD SiPM with 7.5 µm cell pitch, taken

F. Acerbi et al., IEEE JOURNAL OF SELECTED TOPICS IN QUANTUM ELECTRONICS,
VOL.and
24,
NO. 2, MARCH/APRIL
2018
gies: non-HD, high-density,
ultra-high-density.
Thanks to the technology
improvements, the fill-factor is generally high, despite the smaller cell pitch.
Dots represent the produced and tested variants.

ACERBI et al.: HIGH EFFICIENCY, ULTRA-HIGH-DENSITY

Fig. 2. SEM image, from the top, of UHD SiPM with 7.5 µm cell pitch, taken
during the fabrication process, after the trench opening.

3800608

Fig. 5. Nominal fill factor comparison between different FBK SiPM technologies: non-HD, high-density, and ultra-high-density. Thanks to the technology
improvements, the fill-factor is generally high, despite the smaller cell pitch.
Dots represent the produced and tested variants.

ACERBI et al.: HIGH EFFICIENCY, ULTRA-HIGH-DENSITY
ACERBI et al.: HIGH EFFICIENCY, ULTRA-HIGH-DENSITY

Fig. 3. SEM image of UHD SiPM, with 10 µm cell pitch. The honeycomb
configuration of the cells is visible, with the metal lines and polysilicon resistors.
The nominal active area is indicated.

TABLE I
TABLE I
RGB-UHD SIPM MAIN GEOMETRICAL CHARACTERISTICS
RGB-UHD
SI(40
PM µm
MAIN
GEOMETRICAL
Layout comparison between non-HD
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the2 ]performance
degradation
by the
2]
Cell area 20500
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46190
11500caused
7400
2 ] smaller
effects
The lower
gain57%
(due
to 68%
the
Cell density
[cells/mm
46190
20500
Cellof
Fillradiations.
Factor
40.9%
75%cells)
Cellthus
Fill Factor
gives a lower correlated noise,
the noisy cells 40.9%
that have 57%
an

10 µm

12.5 µm

86.6
11500
68%

135
7400
75%

increased primary dark count rate (DCR) due to radiation dam-
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Trends in the R&D (user’s driven, steered by the companies):

Ø Push the sensitivity a bit to the right (NIR)

Ø … and to the left (NUV)

Where are we today (2018)? The latest from HPK on the IR side

Photon Detection Efficiency vs wavelength

PDE vs overvoltage

Where are we today (2018)? @SensL:

Available products (R series)
DCR ≈ 70 kHz / mm2 @5Vover

50%

Worth fighting against APD?

v M is the multiplication factor,10-4
lower than SiPM
v The QE is 6 times higher than the
PDE in SiPM
v The biasing voltage is ≈ 5 times
higher than SiPM
v the sensitivity is at the 100 photon
level (”range extender”)
MindTheNumbers: if I scale down
35W/A by a factor 6 and I scale it up
by a factor 10 000, I get 60kA/W, even
if Sensl claims these are measured
figures.

±25nm
bandpass filter
reduces light
by a factor 25

SensL

Certainly YES!

But do not forget ranging is also important for
other markets:
v Landscape topography
v Industrial applications
v Military
Look at the INSPEX H2020 project on obstacle
detection to see what’s going on at EU level

The latest from HPK: on the UV side

VUV enhanced sensitivity goes along with good functionality at cryo-T:

S13370 and S13361 series, available in
ceramic package with high radio purity

Trends in the R&D (user’s driven, steered by the companies):

Ø Integrate a bit of intelligence on board

http://www.digitalphotoncounting.com
•
•
•

IEEE-NSS Conference record 2009 & 2010 (Thomas Frach)
JINST 7 (2012) C01112
D. Schaart et al., NIM A 809 (2016) 31-52

The 2009 chip

Put a bit of intelligence on board and turn the
SiPM into a genuine DIGITAL device:
Active quenching, forcing the anode to
the breakdown voltage

inverter, activated by the anode voltage
variation, activating the the quenching
mech. and identifying the cell was hit

Quick recharge transistor

v 2 x 2 array of sensors
v 6396 cells/sensor
v 60 x 40 µm2 cells
v chip size 7.8 x 7.2 mm2
vpeak PDE ~ 30% @430 nm
v modified 0.18 μm 5M CMOS

On ACTIVE QUENCHING, see for instance Gallivanoni et al., IEEE TRANSACTIONS ON NUCLEAR SCIENCE, VOL. 57, NO. 6, DECEMBER 2010

Exemplary illustrations of the advantages of this design:

1. Spotting hot cells and disabling their output
Since individual pixels may be enabled/disabled, the DCR of every cell can be
measured, possibly identifying the HOT cells:

Typical dark count rate at 20°C and 3.3V excess voltage: ~150cps / diode

Exemplary illustrations of the advantages of this design:

2. Reduced temperature sensitivity

Digital SiPM are insensitive to any change in the breakdown voltage as long as the
switching threshold of the gate is reached.

O(0.3%/C)
Vs
0.5-1%/C in standard SiPM
(operated at +5V)

The remaining drift observed in the digital SiPM is due to the change in the photon
detection efficiency, caused by the temperature-dependent avalanche initiation
probability.

Is it a successful device?

Ø 23040 detectors
Ø 325 ps resolution

The SwissSPAD (Edoardo Charbon et al, SPAD imagers for super resolution localization microscopy enable
analysis of fast fluorophore blinking, Nature Scientific RepoRts | 7:44108 | DOI: 10.1038/srep44108, 2017 )

Ø 24 µm pixel pitch
Ø Rolling shutter readout (6.4 µs frame period)
Ø Native Fill Factor (FF) 5%
Ø FF enhancement by micro-lensing: 12
Ø Achieved super-resolution: 80 nm

multicolor fuorescence image of a thin slice of a plant root stained with a mixture of fluorescent dyes

The next frontier:
3D vertical integration, to turn a sensor into a SMART sensor, with intelligence on board

One of the latest
HAMAMATSU developments

Thank you for listening!

Supplementary Slides

Ottawa intracity communication link

The OTTAWA experiment

The principle of the Noble prize technique (supplementary material on the Nobel
academy web site)

On triggering probability
and bias voltage (ref.3)
x=0

x=W

How is Pe changing when I move from x to x+Δx?
1. Probability that the
electron triggers an
avalanche in x
2. Probability that the electron
induces an ionization in ΔX and
either the pair triggers an avalanche
in x
3. Joint probability

Working out the math, you get the equations defining the trends with x of Pe and Ph:

Boundary conditions
Where

, the IONIZATION COEFFICIENTS, depend on the electric field (i.e. the bias) as
Where a ≈ 106, b ≈ 2x106

Ref.3

Ref.3

Ref.4

Spectral Response: I have to tailor my junction to maximize the probability to
trigger an avalanche:
e
h

n-on-p junction:
v Not ideal for blue
v Good enough for green
v Bad for red

Light in

Avalanche triggering probability vs photo-absorption position

Pt = total triggering probability
Pe= electron triggering probability
Ph= hole triggering probability

(ref. 1)

I have to tailor my junction to maximize the probability to trigger an
avalanche:
e
h

(1)

Holes & electrons were not born equal and the
ionization rate of “e” is about double wrt “h”
⇒ if I go to p-on-n and I have a shallow junction, I
maximize the triggering probability also for blue light

p-on- junction:
v Optimizedfor blue
v Fair enough for green
v Worse for red

About balls & baskets [see also Stoykov et al., 2007 JINST 2 P06005]
3

n balls (photoelectrons)
F

m baskets (cells)

Presume that the balls are randomly thrown into the baskets. Then:
v The probability of a ball (say 3) to get into a specific basket (say F) is 1/m = m-1

⇒ The probability of NOT being hit is (1- m-1)
⇒ The probability that NONE of the n balls enters F is (1- m-1)n
(assuming the events to be uncorrelated)

⇒ The probability to have ONE OR MORE balls in F is p=(1-(1- m-1)n ))
v But F is like any other basket ⇒ I can turn the problem in the same category of the
“coin toss” statistics (Bernoullian or Binomial), where the coin is not a fair coin but the
probability to get “head” is p:

⇒ The mean number of baskets having at least one ball is
⇒ The standard deviation in the number of cells having
at least one ball is

As long as the number of baskets (cells) is large,

And I get the magic formula (together with the fact that the standard
deviation in the response, i.e. the fluctuations, do increase since the
response is affected by the randomness of the detection process)

About the ENF: formulas can help you in a very effective way to
perform a comparison between different solutions/technologies
Referring again to APD, another relevant figure of merit is the Excess Noise Factor (ENF),
essentially measuring the fluctuations due to the multiplication process:

where
and
Since*:

Being N the number of photo-electrons
and presuming Poissonian fluctuations

)
v PAP = After-pulsing probability
v Pxtalk = Cross-talk probability

*Sergey Vinogradov, Advanced Photon Counting Techniques VI, edited by Mark A. Itzler, Joe C.
Campbell, Proc. of SPIE Vol. 8375, 83750S, 2012

Assuming 5% after-pulsing and 10% Optical cross talk, I have ENFSiPM = 1.17,
To be compared to these exemplary figures for APD:

Avalanche Photodiodes: a user’s guide

